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Abstract— We consider a multi-agent convex optimization
problem where agents are to minimize a sum of local objective
functions subject to a global inequality constraint and a global
constraint set. To deal with this, we devise a distributed
primal-dual subgradient algorithm which is based on the
characterization of the primal-dual optimal solutions as the
saddle points of the Lagrangian function. This algorithm allows
the agents to exchange information over networks with time-
varying topologies and asymptotically agree on a pair of primal-
dual optimal solutions and the optimal value.

I. INTRODUCTION

Recent advances in sensing, communication and com-

putation technologies are challenging the way in which

control mechanisms are designed for their efficient exploita-

tion in a coordinated manner. This has motivated a wealth

of algorithms for the information processing, cooperative

control, and optimization of networked multi-agent systems

performing a variety of tasks. Due to a lack of a centralized

authority, the proposed algorithms aim to be executed by

individual agents through local actions, with the main feature

of being robust to dynamic changes of network topologies.

In this paper, we consider a multi-agent constrained op-

timization problem where the goal is to minimize a sum of

local objective functions subject to global constraints, which

include an inequality constraint and a (state) constraint set.

Each local objective function is convex and only known

to one particular agent. On the other hand, the inequality

constraint is given by a convex function and known by

all agents. Each node has its own convex constraint set,

and the global constraint set is defined as their intersection.

This convex optimization problem arises in many practical

scenarios, such as distributed parameter estimation [21] or

network utility maximization [10]. An important feature of

the problem is that local objective functions and constraint

functions depend upon a global decision vector. This requires

the design of distributed algorithms where, on the one hand,

agents can align their decisions through a local information

exchange and, on the other hand, the common decisions will

coincide with an optimal solution and the optimal value.

Literature Review. In [2] and [22], the authors develop a

general framework for parallel and distributed computation

over a set of processors. Consensus problems, a class of

canonical problems on networked multi-agent systems, have

been intensively studied since then; e.g., see [5], [7], [8],
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[12], [17], [18]. Our work is also related to the literature on

network utility maximization, as in [6], [10], [20].

The recent papers [14], [16] are the most relevant to our

work. In [14], the authors solve multi-agent unconstrained

convex optimization problems through a novel combination

of average consensus algorithms with subgradient methods.

More recently, the paper [16] further takes local constraint

sets into account. To deal with these constraints, the authors

in [16] present an extension of their distributed subgradient

algorithm, by projecting the original algorithm onto the local

constraint sets. Two cases are solved in [16]: the first assumes

that the network topology can dynamically change, but then

the local constraint sets are identical; the second requires that

the communication graphs are complete and then the local

constraint sets can be different. Another related paper is [9]

where a special case of [16], the network topology is fixed

and all the local constraint sets are identical, is addressed.

Statement of Contributions. Building on the work [16], this

paper further incorporates a global inequality constraint. To

deal with this, we adopt a Lagrangian relaxation approach

and devise a distributed optimization algorithm based on

the characterization of the primal-dual optimal solutions as

the saddle points of the Lagrangian function. In this way,

each agent updates its estimates of the saddle points by

combining an average consensus step, a subgradient (or

supgradient) step and a projection step. Our algorithm is

shown to asymptotically converge to a pair of primal-dual

optimal solutions under the Slater Condition and a periodic

strong connectivity assumption. Furthermore, each agent

asymptotically agrees on the optimal value by implementing

a dynamic average consensus algorithm developed in [23],

which allows a multi-agent system to track dynamically

changing average values. In our companion paper [24], we

can further take into account a global equality constraint but

requiring that all the local constraint sets are identical.

In the absence of the global inequality constraint, this

paper extends the results in [16] to a more general scenario

where the network topologies are dynamically changing and

the local constraint sets can be different, while relaxing an

interior-point condition requirement.

Organization of the paper. We now outline the remainder

of the paper. In Section II, we introduce the statement

of the optimization problem we study. In Section III, we

develop some preliminary results. Here, we first characterize

the equivalent primal-dual optimization problem to that of

Section II as finding a saddle point of the Lagrangian

function. After this, we come up with a distributed algorithm

which can find a compact set enclosing all the dual optimal
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solutions. Lastly, we present the convexity and concavity of

the Lagrangian functions and some notations used throughout

this paper. In Section IV, we devise a distributed Lagrangian

primal-dual subgradient algorithm. We also summarize its

convergence properties where the algorithm asymptotically

converges to a pair of primal-dual solutions and the optimal

value. Due to the space limitation, the proofs will be omitted

in this paper, and can be found in [25].

II. PROBLEM FORMULATION AND ASSUMPTIONS

Consider a network of agents labeled by V := {1, . . . , N}
that can only interact with each other through local commu-

nication. The objective of the multi-agent group is to solve

the following primal problem:

min
x∈Rn

N∑

i=1

fi(x),

s.t. g(x) ≤ 0, x ∈ X := ∩N
i=1Xi,

where fi : R
n → R is the convex objective function of

agent i, Xi ⊆ R
n is the compact and convex constraint set of

agent i, and x is a global decision vector. Assume that fi and

Xi are only known by agent i, and probably different. The

function g : R
n → R

m is known to all the agents and each

component gℓ, ℓ ∈ {1, . . . , m}, is convex. The inequality

g(x) ≤ 0 is understood component-wise, i.e., gℓ(x) ≤ 0,

for all ℓ ∈ {1, . . . , m}, and represents a global inequality

constraint. We denote by f(x) :=
∑N

i=1 fi(x) and Y :=
{x ∈ R

n | g(x) ≤ 0}. We assume that the set of feasible

points is non-empty, i.e., X ∩ Y 6= ∅. Observe that, since

Xi is compact, so is X , and since Y is closed, then X ∩ Y

is compact too. The convexity of fi implies that of f and

thus f is continuous. In this way, the optimal value p∗ of the

primal problem is finite and X∗, the set of primal optimal

points, is non-empty. Throughout this paper, we suppose the

following condition holds.

Assumption 2.1 (Slater Condition): There exists a vec-

tor x̄ ∈ X such that gℓ(x̄) < 0, ℓ ∈ {1, . . . , m}. Such vector

is referred to as a Slater vector.

We will consider that the multi-agent network operates

synchronously. The topology of the network at time k will

be represented by a directed graph G(k) = (V, E(k)) with

an edge set E(k) ⊂ V × V \ diag(V ), for k ≥ 0. In this

way, (i, j) ∈ E(k) if and only if node i communicates with

node j at time k. The in-neighbors of node i at time k are

denoted by Ni(k) = {j ∈ V | (j, i) ∈ E(k) and j 6= i}. We

assume that the union of network topologies over some time

period B ∈ Z>0 is strongly connected, which we formally

state as follows.

Assumption 2.2 (Periodical Strong Connectivity):

There is a positive integer B such that, for all k0 ≥ 0, the

directed graph (V,
⋃B−1

k=0 E(k0 + k)) is strongly connected.

III. PRELIMINARIES

In this section, we first reduce the optimization problem

defined above to finding a saddle point of an associated

Lagrangian function. After this, we endow each agent with

a local constrained optimization problem, and come up with

a distributed algorithm that can find a compact set enclosing

all the dual optimal solutions. This compact set guarantees

the boundedness of dual estimates in our main algorithm

in the next section. Lastly, we discuss the convexity and

concavity properties of several Lagrangian functions and

introduce notation employed throughout the paper.

A. Saddle-point characterization

First, the primal problem is trivially equivalent to:

min
x∈Rn

f(x), s.t. Ng(x) ≤ 0, x ∈ X,

with associated dual problem given by

max
µ∈Rm

q(µ), s.t. µ ≥ 0.

Here, the dual function, q : R
m
≥0 → R, is defined as q(µ) :=

infx∈X L(x, µ), where L : R
n×R

m
≥0 → R is the Lagrangian

function L(x, µ) = f(x) + NµT g(x). We denote the dual

optimal value by d∗ and the set of dual optimal points by

D∗. As is well-known, under the Slater Condition 2.1, the

property of strong duality holds, i.e., p∗ = d∗, and D∗ 6= ∅.

The following notion of saddle point plays a critical role in

our paper.

Definition 3.1 (Saddle point): Consider a function φ :
X × M → R where X and M are non-empty subsets of

R
n and R

m. A pair of vectors (x∗, µ∗) ∈ X ×M is called a

saddle point of φ over X × M if the following inequalities

hold for all (x, µ) ∈ X × M :

φ(x∗, µ) ≤ φ(x∗, µ∗) ≤ φ(x, µ∗).

Remark 3.1: Equivalently, (x∗, µ∗) is a saddle point of

φ over X × M if and only if (x∗, µ∗) ∈ X × M , and

sup
µ∈M

φ(x∗, µ) ≤ φ(x∗, µ∗) ≤ inf
x∈X

φ(x, µ∗). (1)

•
The following is a standard result on Lagrangian duality

stating that the primal-dual optimal solutions can be charac-

terized as the saddle points of the Lagrangian function.

Theorem 3.1 (Lagrangian Saddle-point Theorem [3]):

The pair of (x∗, µ∗) ∈ X × R
m
≥0 is a saddle point of the

Lagrangian function L over X × R
m
≥0 if and only if it is

a pair of primal-dual optimal solutions and the following

minmax equality holds:

sup
µ∈R

m
≥0

inf
x∈X

L(x, µ) = inf
x∈X

sup
µ∈R

m
≥0

L(x, µ).

Lemma 3.1: Let M be any superset of D∗.

(1) If (x∗, µ∗) is a saddle point of L over X ×R
m
≥0, then

(x∗, µ∗) is also a saddle point of L over X × M .

(2) There is at least one saddle point of L over X × M .

(3) If (x̌, µ̌) is a saddle point of L over X × M , then

L(x̌, µ̌) = p∗ and µ̌ is dual optimal.

Remark 3.2: Despite that (3) holds, the reverse of (1)

may not be true in general. In particular, x∗ may be infeasi-

ble, i.e., gℓ(x
∗) > 0 for some ℓ ∈ {1, . . . , m}. •
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B. A upper estimate of the dual optimal set

In what follows, we will find a compact set which contains

all the dual optimal solutions. To do that, we define the

following primal problem for each agent i:

min
x∈Rn

fi(x), s.t. g(x) ≤ 0, x ∈ Xi. (2)

Due to the fact that Xi is compact and the fi are continuous,

the primal optimal value p∗i of each agent’s primal problem

is finite and the set of its primal optimal points is non-empty.

The associated dual problem is given by

max
µ∈Rm

qi(µ), s.t. µ ≥ 0. (3)

Here, the dual function qi : R
m
≥0 → R is defined by

qi(µ) := infx∈Xi
Li(x, µ), where Li : R

n×R
m
≥0 → R is the

Lagrangian function Li(x, µ) = fi(x) + µT g(x), i ∈ V.

The corresponding dual optimal values are denoted by d∗i ,

i ∈ V . In this way, we have that L(x, µ) =
∑N

i=1 Li(x, µ).
Define now the set-valued map Q : R

m
≥0 → 2(Rm

≥0
) by

Q(µ̃) = {µ ∈ R
m
≥0 | q(µ) ≥ q(µ̃)}. Additionally, define

a function γ : X → R by γ(x) = min1≤ℓ≤m{−gℓ(x)}.

Observe that if x is a Slater vector, then γ(x) > 0. Apply

Lemma 1 in [13] to the primal and dual problems, then we

have the following lemma.

Lemma 3.2: The set Q(µ̃) is bounded for any µ̃ ∈ R
m
≥0,

and, in particular, for any Slater vector x̄, it holds that

maxµ∈Q(µ̃) ‖µ‖ ≤ 1
γ(x̄) (f(x̄) − q(µ̃)). �

Notice that D∗ = {µ ∈ R
m
≥0 | q(µ) ≥ d∗}. Picking any

Slater vector x̄ ∈ X , and letting µ̃ = µ∗ ∈ D∗ in Lemma 3.2

gives that

max
µ∗∈D∗

‖µ∗‖ ≤
1

γ(x̄)
(f(x̄) − d∗). (4)

Define the function r : X × R
m
≥0 → R ∪ {+∞} by

r(x, µ) := N
γ(x) maxi∈V {fi(x) − qi(µ)}. By the property of

weak duality, it holds that d∗i ≤ p∗i and thus fi(x) ≥ qi(µ)
for any (x, µ) ∈ X×R

m
≥0. Since γ(x̄) > 0, thus r(x̄, µ) ≥ 0

for any µ ∈ R
m
≥0. With this observation, we pick any

µ̃ ∈ R
m
≥0 and the following set is well-defined:

M̄i(x̄, µ̃) := {µ ∈ R
m
≥0 | ‖µ‖ ≤ r(x̄, µ̃) + θi},

for some θi ∈ R>0. It is easy to check that M̄i(x̄, µ̃) is non-

empty, compact and convex. Observe that for all µ ∈ R
m
≥0:

q(µ) = inf
x∈∩m

i=1
Xi

N∑

i=1

(fi(x) + µT g(x))

≥
N∑

i=1

inf
x∈Xi

(fi(x) + µT g(x)) =
N∑

i=1

qi(µ). (5)

Since d∗ ≥ q(µ̃), it follows from (4) and (5) that

max
µ∗∈D∗

‖µ∗‖ ≤
1

γ(x̄)
(f(x̄) − q(µ̃))

≤
1

γ(x̄)
(f(x̄) −

N∑

i=1

qi(µ̃))

≤
N

γ(x̄)
max
i∈V

{fi(x̄) − qi(µ̃)} = r(x̄, µ̃).

Hence, we have D∗ ⊆ M̄i(x̄, µ̃) for all i ∈ V .

Note that in order to compute M̄i(x̄, µ̃), all the agents

have to agree on a common Slater vector x̄ ∈ ∩N
i=1Xi which

should be obtained in a distributed fashion. To handle this

difficulty, we now propose a distributed algorithm, namely

Distributed Slater-vector Computation Algorithm, which al-

lows each agent i to compute a superset of M̄i(x̄, µ̃).
Initially, each agent i chooses a common value µ̃ ∈ R

m
≥0;

e.g. µ̃ = 0, and computes two positive constants ai(0)
and bi(0) such that ai(0) ≤ min1≤ℓ≤m infx∈Ji

{−gℓ(x)}
and bi(0) ≥ supx∈Ji

{fi(x) − qi(µ̃)} where Ji := {x ∈
Xi | g(x) < 0}. At every time k ≥ 0, each agent i updates

its estimates by using the following rules:

ai(k + 1) = min
j∈Ni(k)∪{i}

aj(k),

bi(k + 1) = max
j∈Ni(k)∪{i}

bj(k).

Under the periodical strong connectivity assumption 2.2, it

is not difficult to verify that after at most (N − 1)B steps,

all the agents reach the consensus, i.e., ai(k) = a∗ :=
minj∈V aj(0) and bi(k) = b∗ := maxj∈V bj(0) for all k ≥
(N − 1)B. Denote Mi(µ̃) := {µ ∈ R

m
≥0 | ‖µ‖ ≤ Nb∗

a∗ + θi}
and J := {x ∈ X | g(x) < 0}.

Lemma 3.3: It holds that Mi(µ̃) ⊇ M̄i(x̄, µ̃) for i ∈ V .

From Lemma 3.3 and the fact that D∗ ⊆ M̄i(x̄, µ̃) ⊆
Mi(µ̃), we can see that the set of M(µ̃) := ∩N

i=1Mi(µ̃)
contains D∗. In addition, Mi(µ̃) and M(µ̃) are non-empty,

compact and convex. To simplify the notations, we will use

the shorthands Mi := Mi(µ̃) and M := M(µ̃).

C. Notations

For each µ ∈ R
m
≥0, we define the function Liµ : R

n → R

as Liµ(x) := Li(x, µ). Note that Liµ is convex since it is

a nonnegative weighted sum of convex functions. For each

x ∈ R
n, we define the function Lix : R

m
≥0 → R as Lix(µ) :=

Li(x, µ). It is easy to check that Lix is a concave (actually

affine) function. Then the Lagrangian function L is the sum

of a collection of convex-concave functions. This property

motivates us to significantly extend primal-dual subgradient

methods in [15] to the networked multi-agent scenario.

For a given convex function F : R
n → R and a point

x̃ ∈ R
n, a subgradient of the function F at x̃ is a vector

DF (x̃) ∈ R
n such that

DF (x̃)T (x − x̃) ≤ F (x) − F (x̃), ∀x ∈ R
n.

The set of all subgradients of F at x̃ is denoted by ∂F (x̃),
and we refer it to as the subdifferential set of F at x̃.

Similarly, for a given concave function G : R
m → R and

a point µ̄ ∈ R
m, a supgradient of the function G at µ̄ is a

vector DG(µ̄) ∈ R
m such that

DG(µ̄)T (µ − µ̄) ≥ G(µ) − G(µ̄), ∀µ ∈ R
m.

The set of all supgradients of G at µ̄ is denoted by ∂G(µ̄),
and we refer it to as the supdifferential set of G at µ̄.

Given a set S, we denote by co(S) its convex hull.

Finally, we let [·]+ : R
m → R

m
≥0 denote the projection

operator onto the non-negative orthant of R
m.
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IV. DISTRIBUTED LAGRANGIAN PRIMAL-DUAL

SUBGRADIENT ALGORITHM

In this section, we introduce the Distributed Lagrangian

Primal-Dual Subgradient Algorithm (DLPDS, for short) to

find a saddle point of the Lagrangian function L over X×M

and the optimal value. This saddle point will coincide with

a pair of primal-dual optimal solutions which is not always

the case; see Remark 3.2.

Through the algorithm, at each time k, each agent i

maintains the estimate of (xi(k), µi(k)) to the saddle point

of the Lagrangian function L over X ×M and the estimate

of yi(k) to p∗. To produce xi(k + 1) (resp. µi(k + 1)),
agent i takes a convex combination of its estimate xi(k)
(resp. µi(k)) with the estimates sent from its neighboring

agents at time k, makes a subgradient (resp. supgradient)

step to minimize (resp. maximize) the local Lagrangian

function Li, and takes a projection onto the local constraint

Xi (resp. M ). Furthermore, agent i generates the estimate

yi(k + 1) by taking a convex combination of its estimate

yi(k) with the estimates of its neighbors at time k and taking

one step to track the variation of the local objective function

fi. More precisely, the DLPDS algorithm is described as

follows: Initially, each agent i picks a common µ̃ ∈ R
m
≥0 and

computes the set Mi with some θi > 0 by using the Dis-

tributed Slater-vector Computation Algorithm. Furthermore,

agent i chooses any initial state xi(0) ∈ Xi, µi(0) ∈ R
m
≥0,

and yi(1) = Nfi(x
i(0)).

At every k ≥ 0, each agent i generates xi(k+1), µi(k+1)
and yi(k + 1) according to the following rules:

vi
x(k) =

N∑

j=1

ai
j(k)xj(k), vi

µ(k) =

N∑

j=1

ai
j(k)µj(k),

vi
y(k) =

N∑

j=1

ai
j(k)yj(k),

xi(k + 1) = PXi
[vi

x(k) − α(k)Di
x(k)],

µi(k + 1) = PMi
[vi

µ(k) + α(k)Di
µ(k)],

yi(k + 1) = vi
y(k) + N(fi(x

i(k)) − fi(x
i(k − 1))),

where PXi
(resp. PMi

) is the projection operator onto the set

Xi (resp. Mi), the scalars ai
j(k) are non-negative weights and

the scalars α(k) > 0 are step-sizes1. We use the shorthands

Di
x(k) ≡ DLivi

µ(k)(v
i
x(k)), and Di

µ(k) ≡ DLivi
x(k)(v

i
µ(k)).

Remark 4.1: For a convex-concave function, continuous-

time gradient-based methods are proved in [1] to converge

globally towards the saddle-point. Recently, [15] presents

(discrete-time) primal-dual subgradient methods which re-

lax the differentiability in [1] and further incorporate state

constraints. The method in [1] is adopted by [11] and [19]

to study a distributed optimization problem on fixed graphs

where objective functions are separable.

The DLPDS algorithm in this paper is a generalization

of primal-dual subgradient methods in [15] to the networked

multi-agent scenario. It is also an extension of the distributed

1Each agent i executes the update law of yi(k) for k ≥ 1.

projected subgradient algorithm in [16] to solve multi-agent

convex optimization problems with inequality constraints.

Furthermore, the DLPDS algorithm enables agents to find

the optimal value. •
To guarantee the convergence of the DLPDS algorithm,

we make the following assumptions on the network com-

munication graphs, which together with the periodic strong

connectivity assumption 2.2 are standard in the analysis

of average consensus algorithms, e.g., see [17], [18], and

distributed optimization in [14], [16].

Assumption 4.1 (Non-degeneracy): There exists a con-

stant α > 0 such that ai
i(k) ≥ α, and ai

j(k) (i 6= j) satisfies

ai
j(k) ∈ {0} ∪ [α, 1], ∀k ≥ 0.

Assumption 4.2 (Balanced communication): 2 It holds

that
∑N

j=1 ai
j(k) = 1 for all i ∈ V and k ≥ 0, and∑N

i=1 ai
j(k) = 1 for all j ∈ V and k ≥ 0.

The following theorem is the main result of this paper

and summarizes the convergence properties of the DLPDS

algorithm.

Theorem 4.1: Let the periodic strong connectivity

assumptions 2.2, the non-degeneracy assumption 4.1

and the balanced communication assumption 4.2

hold. Consider the sequences of {xi(k)}, {µi(k)}
and {yi(k)} of the distributed Lagrangian primal-dual

subgradient algorithm with the step-sizes {α(k)} satisfying

lim
k→+∞

α(k) = 0,

+∞∑

k=0

α(k) = +∞, and

+∞∑

k=0

α(k)2 < +∞.

Then, there is a pair of primal-dual optimal solutions

(x∗, µ∗) ∈ X∗ ×D∗ such that lim
k→+∞

‖xi(k) − x∗‖ = 0 and

lim
k→+∞

‖µi(k) − µ∗‖ = 0 for all i ∈ V . Furthermore, we

have that lim
k→+∞

‖yi(k) − p∗‖ = 0 for all i ∈ V .

V. CONVERGENCE ANALYSIS

We now proceed to show Theorem 4.1. To do that, we

first rewrite the DLPDS algorithm into the following form:

xi(k + 1) = vi
x(k) + ei

x(k), µi(k + 1) = vi
µ(k) + ei

µ(k),

yi(k + 1) = vi
y(k) + ui(k),

where ei
x(k) and ei

µ(k) are projection errors described by

ei
x(k) := PXi

[vi
x(k) − α(k)Di

x(k)] − vi
x(k),

ei
µ(k) := PMi

[vi
µ(k) + α(k)Di

µ(k)] − vi
µ(k),

and ui(k) := N(fi(x
i(k)) − fi(x

i(k − 1))) is the local

input which allows agent i to track the variation of the local

objective function fi.

We start our analysis by providing some useful properties

of the local Lagrangian function Li, for i ∈ V .

Lemma 5.1 (Lipschitz continuity of Li): Consider Liµ

and Lix. Then there are L > 0 and R > 0 such that

‖DLiµ(x)‖ ≤ L and ‖DLix(µ)‖ ≤ R for each pair of x ∈
co(∪N

i=1Xi) and µ ∈ co(∪N
i=1Mi). Furthermore, for each

µ ∈ co(∪N
i=1Mi), the function Liµ is Lipschitz continuous

with Lipschitz constant L over co(∪N
i=1Xi), and for each

2It is also referred to as double stochasticity.
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x ∈ co(∪N
i=1Xi), the function Lix is Lipschitz continuous

with Lipschitz constant R over co(∪N
i=1Mi).

The following lemma provides a basic iterate relation used

in the convergence proof for the DLPDS algorithm. Similar

iterate relations are derived in [14], [16].

Lemma 5.2 (Basic iterate relation): Let the periodic

strong connectivity assumption 2.2 and the balanced com-

munication assumption 4.2 hold. For any x ∈ X , any µ ∈ M

and all k ≥ 0, the following estimates hold:

N∑

i=1

‖ei
x(k) + α(k)Di

x(k)‖2 ≤
N∑

i=1

α(k)2‖Di
x(k)‖2

+

N∑

i=1

{‖xi(k) − x‖2 − ‖xi(k + 1) − x‖2}

−
N∑

i=1

2α(k)(Li(v
i
x(k), vi

µ(k)) − Li(x, vi
µ(k))), (6)

N∑

i=1

‖ei
µ(k) − α(k)Di

µ(k)‖2 ≤
N∑

i=1

α(k)2‖Di
µ(k)‖2

+

N∑

i=1

{‖µi(k) − µ‖2 − ‖µi(k + 1) − µ‖2}

+

N∑

i=1

2α(k)(Li(v
i
x(k), vi

µ(k)) − Li(v
i
x(k), µ)). (7)

Lemma 5.3 (Achieving consensus): Let the periodic

strong connectivity assumption 2.2, the non-degeneracy

assumption 4.1 and the balanced communication

assumption 4.2 hold. Consider the sequences of {xi(k)},

{µi(k)} and {yi(k)} of the DLPDS algorithm with the

step-size sequence {α(k)} satisfying lim
k→+∞

α(k) = 0.

Then there exist x∗ ∈ X and µ∗ ∈ M such that

lim
k→+∞

‖xi(k) − x∗‖ = 0, lim
k→+∞

‖µi(k) − µ∗‖ = 0 for all

i ∈ V , and lim
k→+∞

‖yi(k) − yj(k)‖ = 0 for all i, j ∈ V .

From Lemma 5.3, we know that the sequences of {xi(k)}
and {µi(k)} of the DLPDS algorithm asymptotically agree

on to some point in X and some point in M , respectively.

Denote by Θ ⊆ X × M the set of such limit points. The

following lemma further characterizes that the points in Θ
are saddle points of the Lagrangian function L over X×M .

Lemma 5.4 (Saddle-point characterization): Each

point in Θ is a saddle point of the Lagrangian function L
over X × M .

The combination of Lemmas 3.1 and 5.4 gives that, for

each (x∗, µ∗) ∈ Θ, we have that L(x∗, µ∗) = p∗ and µ∗

is dual optimal. We still need to verify that x∗ is a primal

optimal solution. Before that, we present some results on the

sequences weighted by {α(k)}.

Lemma 5.5: Let K ≥ 0. Consider the sequence {δ(k)}

in R
n defined by δ(k) :=

Pk−1

τ=K
α(τ)ρ(τ)

Pk−1

τ=K
α(τ)

where α(k) > 0,

k ≥ K + 1 and
∑+∞

k=K α(k) = +∞. If lim
k→+∞

ρ(k) = ρ∗,

then lim
k→+∞

δ(k) = ρ∗.

By utilizing the above lemmas, we can show Theorem 4.1

based on two claims.

Claim 1: Each point (x∗, µ∗) ∈ Θ is a pair of primal-dual

optimal solutions.

Claim 2: It holds that lim
k→+∞

‖yi(k) − p∗‖ = 0.

In order to satisfy the space requirement, we have to omit

the proofs here. Interested readers can find the proofs in [25].

VI. DISCUSSION

A. A generalized step-size scheme

In the DLPDS algorithm, all the agents employ the same

step-size scheme. This scheme can be slightly generalized to

the following: limk→+∞ αi(k) = 0,
∑+∞

k=0 αi(k) =
+∞,

∑+∞
k=0 αi(k)2 < +∞, mini∈V αi(k) ≥

Cα maxi∈V αi(k), where αi(k) is the step-size of agent i

at time k and Cα ∈ (0, 1].

B. The special case without the inequality constraint

The following special case is studied in [16] where the

global inequality constraint is not taken into account:

min
x∈Rn

N∑

i=1

fi(x), s.t. x ∈ ∩N
i=1Xi. (8)

The following Distributed Primal Subgradient Algorithm

is a special case of the DLPDS algorithm, and can be

utilized to solve the problem (8): xi(k + 1) = PXi
[vi

x(k) −
α(k)Dfi(v

i
x(k))].

Corollary 6.1: Let the periodic strong connectivity as-

sumption 2.2, the non-degeneracy assumption 4.1 and the

balanced communication assumption 4.2 hold. Consider

the sequence {xi(k)} of the distributed primal subgra-

dient algorithm with initial states xi(0) ∈ Xi and the

step-sizes satisfying lim
k→+∞

α(k) = 0,

+∞∑

k=0

α(k) = +∞, and

+∞∑

k=0

α(k)2 < +∞. Then there exists an optimal solution x∗

to the problem (8) such that lim
k→+∞

‖xi(k) − x∗‖ = 0 all

i ∈ V .

Proof: The result is an immediate consequence of

Theorem 4.1 with g(x) ≡ 0.

Remark 6.1: Two special cases of the problem (8) are

solved in [16]. The first one assumes that the communication

graphs can dynamically change as specified by the periodic

strong connectivity assumption 2.2, but then Xi = X for

all i ∈ V . The second one requires that the communi-

cation graphs are complete and then Xi can be different.

Corollary 6.1 generalizes these two situations and relaxes

the interior-point condition in [16]. •

VII. CONCLUSION

We have studied a multi-agent optimization problem where

agents aim to minimize a sum of local objective functions

subject to a global inequality constraint and a global con-

straint set defined as the intersection of local constraint

sets. We have introduced a distributed subgradient algorithms
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which is based on Lagrangian primal-dual methods, and

shown that this algorithm asymptotically converges to a pair

of primal-dual optimal solutions and the optimal value.

VIII. APPENDIX

A. Dynamic average consensus algorithms

The following is the vector version of the first-order

dynamic average consensus algorithm proposed in [23]:

xi(k + 1) =

N∑

j=1

ai
j(k)xj(k) + ξi(k), (9)

where xi(k), ξi(k) ∈ R
n. Denote ∆ξℓ(k) :=

maxi∈V ξi
ℓ(k) − mini∈V ξi

ℓ(k) for 1 ≤ ℓ ≤ n.

Proposition 8.1: Let the periodic strong connectivity as-

sumption 2.2, the non-degeneracy assumption 4.1 and the

balanced communication assumption 4.2 hold. Assume that

lim
k→+∞

∆ξℓ(k) = 0 for all 1 ≤ ℓ ≤ n and all k ≥ 0. Then

the implementation of Algorithm (9) achieves consensus, i.e.,

lim
k→+∞

‖xi(k) − xj(k)‖ = 0 for all i, j ∈ V .

B. A property of projection operators

The following lemma is a standard result of projection

operators. Its proof can be found in [3], [4], and [14].

Lemma 8.1: Let Z be a non-empty, closed and convex

set in R
n. For any z ∈ R

n, the following holds for any

y ∈ Z: ‖PZ [z] − y‖2 ≤ ‖z − y‖2 − ‖PZ [z]− z‖2.
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